We study the Laplacian eigenvalues of trees on n vertices with independence number α and describe all extremal graphs that attain the maximal Laplacian spectral radius and algebraic connectivity. Then the results are used to confirm two conjectures of Graffiti (WOW Conjectures 584 and 636) on the relationship between the Laplacian eigenvalues and the independence number of a graph.
Introduction
Let G = (V , E) be a simple graph on vertex set V = {u 1 , . . . , u n } and edge set E.
The order of a graph is the cardinality of its vertex set. The matrix L(G) = D(G) − A(G) is called the Laplacian matrix of graph G, where D(G) = diag(d(u), u ∈ V )
is the diagonal matrix of vertex degrees of G and A(G) is the adjacency matrix of G. The eigenvalues of L(G) are called the Laplacian eigenvalues and denoted by λ 1 λ 2 · · · λ n = 0. If more than one graph is involved, we may write λ i (G) in place of λ i . In particular, λ n−1 is called the algebraic connectivity of G (see [11] ).
For background on the Laplacian eigenvalues of a graph, the reader is referred to Grone and Merris [7] , Merris [11] and the references therein.
Let G be a simple graph. A pendant vertex is a vertex of degree one. A subset S of V is called an independent set of G if no two vertices of S are adjacent in G. The independence number of G, denoted by α, or α(G), is the size of a maximum independent set of G. For other notations and terminology, the reader is referred to [1, 2] .
Fajtlowicz [3] presented a variety of conjectures involving in graph parameters. These conjectures have been investigated by many researchers. For example, Hansen and Melot [8] proved and refuted many conjectures. In particular, Favaron et al. [4] investigated these conjectures involving eigenvalue properties of graphs. Fajtlowicz [3] raised the following two conjectures on the relationship between the Laplacian eigenvalues and the independence number of a graph. For example, T 6,3 and T 6, 4 are shown in Fig. 1 , while T 6,5 is a star graph K 1, 5 . Clearly, if n 3, then the independence number of T n,m with n−1 2 < m n − 1 is exactly m. For convenience, throughout this paper, we always assume that a graph has at least three vertices. This paper is organized as follows: In Section 2, we show that the maximal Laplacian spectral radius of all trees on n vertices with independence number α is achieved uniquely at the tree T n,α , which confirms Conjecture 1.1. Moreover, we also prove that the maximal algebraic connectivity of all trees on n vertices with independence number α is achieved at the tree T n,α . In Section 3, we presents two lower bounds for independence number in terms of λ 1 , which are used to confirm Conjecture 1.2.
Laplacian eigenvalues of trees
In this section, we study the maximal Laplacian spectral radius and the algebraic connectivity of trees on n vertices with independence number α. Recently, Hong [9] proved the following result: Moreover, we also need the following result from [7, 10, 13] .
Lemma 2.3. Let G be a connected graph of order n with degree sequence
with the left equality if and only if d 1 = n − 1 and with the right equality if and only if G is a regular bipartite graph or a path with three or four vertices.
Lemma 2.4. The Laplacian spectral radius of tree S n,p , λ 1 (S n,p ), is an increasing function on the number of pendant vertices, in the other words,
Proof. By a simple calculation, it is easy to see that the assertion holds for n 6. Hence we may assume that n 7. By Lemma 2.3, λ 1 (S n,i ) < i + 2 and λ 1 (S n,i+1 ) i + 2 for i = 2, . . . , n − 2, since the maximal degree of S n,i+1 is i + 1. Hence the assertion holds.
Lemma 2.5. Let T be a tree on n 3 vertices with independence number α. Then T has at most α pendant vertices.
Proof. Since the set of all pendant vertices is an independent set of T , T has at most α pendant vertices.
Theorem 2.6. Of all trees with n vertices and fixed independence number α, the maximal Laplacian spectral radius is achieved uniquely at T n,α .
Proof. Let T be a tree on n vertices with the independence number α. Suppose that T has p pendent vertices. It follows from Lemma 2.1 that
Moreover, by Lemmas 2.5, 2.4 and 2.2, we have
2 . Moreover, the first equality holds if and only if T is uniquely at S n,p and the second equality if and only if p = α. Hence we finish the proof.
Lemma 2.7. The Laplacian spectral radius of T n,α satisfies the following equation
Proof. We assume that the vertex set of T n,α is {v 1 , . . . , v n } and the edge set is
. . , x n ) T be a Perron vector of |L(T n,α )| corresponding to λ 1 , where x i corresponds to the vertex v i . By the symmetry of T n,α , we have
Therefore
which yields the desired result.
Corollary 2.8. Let T be a tree of order n and independence number α. Then Proof. By Theorem 2.6, it only needs to prove that
with equality if and only if T is star K 1,n−1 . If α = n − 1, i.e., T is the star K 1,n−1 , then it is easy to see that equality holds. If α n − 2, denote λ 1 (T n,α ) = α + 1 + δ, where δ 0. By Lemma 2.7, we have Proof. It follows from Corollary 2.8 and Lemma 2.2 that
We will describe all extreme trees that attain the maximal algebraic connectivity over the class of trees with n vertices and independence number α after presenting the following two lemmas.
Lemma 2.10
(
is the smallest root of the following equation
Proof. By performing some calculations, the characteristic polynomial of L(T n,α )
is equal to
Hence the results follow.
Lemma 2.11 ([6] or [12]). Let G be a graph on n vertices. Suppose that H is a graph on n + 1 vertices created from G by affixing to G an isolated vertex u together with an edge joining u to some vertex in G. Then λ n (H ) λ n−1 (G).
Theorem 2.12. Let T be a tree on n vertices with independence number α.
, where λ n−1 (T n,n−2 ) is the smallest root of the following equation
Moreover, equality holds if and only if
T is T n,n−2 . (iii) If α < n − 2, then λ n−1 (T ) 3 − √ 5 2
with equality if and only if T is T n,α .
Proof. By some calculations, it is easy to see that the results hold for n 5. Hence we assume that n 6. If α = n − 1, then T must be K 1,n−1 , and so λ n−1 (T ) = 1.
(ii) Assume that α = n − 2. By Lemma 2.10, λ n−1 (T n,n−2 ) is the smallest root of the following equation
is the smallest root of the equation
2 . Moreover, any tree T with n vertices and independence number α = n − 2 has diameter at least 3. If T is any tree whose diameter is at least 4, then P 5 , the path on 5 vertices is a subgraph of T and it follows from repeated applications of Lemma 2.11 that
If the diameter of a tree T is 3, then it follows from Corollary 2 in [5] that λ n−1 (T ) λ n−1 (T n,n−2 ) with equality if and only if T is equal to T n,n−2 .
(iii) Assume that α < n − 2. Suppose any tree T whose diameter is at least 5. Then P 6 , the path on six vertices is a subgraph of T . Hence it follows from repeated applications of Lemma 2.11 that
On the other hand, any tree T with n vertices and independence number α has diameter at least 4. Otherwise, T has at least independence number n − 2, a contradiction.
To complete the proof, we need to consider all trees that have independence number α < n − 2 whose diameter is exactly 4. Let G be the tree from a path v 1 , v 2 , . . . , v 5 on five vertices by affixing to it an isolated vertex v 6 together with an edge joining v 6 to v 4 . If there exists a subgraph of T isomorphic to G, then it follows from repeated applications of Lemma 2.11 that
Hence for any trees with n vertices and independence number α,
with equality if and only T is T n,α . This theorem is proved. Proof. First, we consider the following special case that G is connected. Let U be the independent set of G with the size α. Then for each vertex v in V \U , there exists a vertex u ∈ U with (u, v) ∈ E(G), otherwise U ∪ {v} is an independent set with size α + 1, a contradiction. Hence there are at least n − α edges with one end in U and the other end in V \ U , since V \U has n − α vertices. Now let x = (x 1 , . . . , x n ) be n-tuple vector with
Upper bounds for independence number
Hence α n λ 1 . If G is the complete graph K n , then G has independence number 1 and λ 1 = n. Therefore equality holds.
Conversely, assume that G is connected and equality holds. Then x is eigenvector of
, where L 11 corresponds to vertex set U . Let y = 
and n α
Hence Without loss of generality, we now assume that G has r connected components G 1 , . . . , G r and the order of G i is n i > 1. By the above results, we have
.
Moreover, equality holds if and only if
and G i is the complete graph K n i , where n i = n α . Hence we finish the proof.
In [7] , Grone and Merris proposed the following quantity
We will establish relations between that quantity, the independence number, and the maximum Laplacian eigenvalue of a graph. 
Proof. Let U be an independent set corresponding to α (G). 
